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Abstrat. We study the proedure of the reonstrution of phantom-salar eld
potentials in two-eld osmologial models. It is shown that while in the one-eld ase
the hosen osmologial evolution denes uniquely the form of the salar potential, in
the two-eld ase one has an innite number of possibilities. The lassiation of a large
lass of possible potentials is presented and the dependene of osmologial dynamis
on the hoie of initial onditions is investigated qualitatively and numerially for two
partiular models.
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1. Introdution
The disovery of osmi aeleration [1℄ has stimulated the onstrution of a lass of
dark energy models [2, 3, 4℄ desribing this eet. Notie that the osmologial models
based on salar elds were onsidered long before the observational disovery of osmi
aeleration [5℄. The dark energy should possess a negative pressure suh that the
relation between pressure and energy density w is less than −1/3. The present day
value of the parameter w is lose to −1 (osmologial onstant) but some observations
indiate that the value of this parameter slightly less than −1 provides the best t.
The orresponding dark energy has been named phantom dark energy [6℄. Aording to
some authors, the analysis of observations permits the existene of the moment when
the universe hanges the value of the parameter w from w > −1 to w < −1 [7, 8℄.
This transition is alled the rossing of the phantom divide line. The most reent
investigations have shown that the phantom divide line rossing is still not exluded by
the data [9℄.
It is easy to see, that the standard minimally oupled salar eld annot give rise
to the phantom dark energy, beause in this model the absolute value of energy density
is always greater than that of pressure, i.e. |w| < 1. A possible way out of this situation
is the onsideration of the salar eld models with the negative kineti term. Thus,
the important problem arising in onnetion with the phantom energy is the rossing of
the phantom divide line. The general belief is that while this rossing is not admissible
in simple minimally oupled models its explanation requires more ompliated models
suh as multield ones or models with non-minimal oupling between salar eld and
gravity (see e.g. [10℄).
In preeding papers some of us [11, 12℄ desribed the phenomenon of the hange
of sign of the kineti term of the salar eld implied by the Einstein equations. It was
shown that suh a hange is possible only when the potential of the salar eld possesses
some usps and, moreover, for some very speial initial onditions on the time derivatives
and values of the onsidered salar eld approahing to the phantom divide line. At the
same time, two-eld models inluding one standard salar eld and a phantom eld an
desribe the phenomenon of the (de)-phantomization under very general onditions and
using rather simple potentials [13, 14℄. In the present paper we would like to attrat
attention to a drasti dierene between two- and one-eld models.
The reonstrution proedure of the salar eld potential models is well-known
[15, 16, 17, 18, 19, 20, 21, 22℄. We reapitulate it briey. The osmologial evolution in
a at Friedmann model with the metri
ds2 = dt2 − a2(t)dl2 (1)
an be given by the time evolution of the Hubble parameter h(t) ≡ a˙
a
, whih satises
the Friedmann equation
h2 = ε, (2)
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where ε is the energy density and a onvenient normalization of the Newton onstant is
hosen. Dierentiating equation (2) and using the energy onservation equation
ε˙ = −3h(ε+ p), (3)
where p is the pressure, one omes to
h˙ = −3
2
(ε+ p). (4)
If the matter is represented by a spatially homogeneous minimally oupled salar eld,
then the energy density and the pressure are given by the formulae
ε =
1
2
φ˙2 + V (φ), (5)
p =
1
2
φ˙2 − V (φ), (6)
where V (φ) is a salar eld potential. Combining equations (2), (4), (5), (6) we have
V =
h˙
3
+ h2, (7)
and
φ˙2 = −2
3
h˙. (8)
Equation (7) represents the potential as a funtion of time t. Integrating equation
(8) one an nd the salar eld as a funtion of time. Inverting this dependene we
an obtain the time parameter as a funtion of φ and substituting the orresponding
formula into equation (7) one arrives to the uniquely reonstruted potential V (φ). It is
neessary to stress that this potential reprodues a given osmologial evolution only for
some speial hoie of initial onditions on the salar eld and its time derivative [17, 11℄.
Below we shall show that in the ase of two salar elds one has an enormous freedom
in the hoie of the two-eld potential providing the same osmologial evolution. This
freedom is onneted with the fat that the kineti term has now two ontributions. In
order to examine the problem of phantom divide line rossing we shall be interested here
in the ase of one standard salar eld and one phantom eld ξ , whose kineti term
has a negative sign. In this ase the total energy density and pressure will be given by
ε =
1
2
φ˙2 − 1
2
ξ˙2 + V (φ, ξ), (9)
p =
1
2
φ˙2 − 1
2
ξ˙2 − V (φ, ξ). (10)
The relation (7) expressing the potential as a funtion of t does not hange in form, but
instead of equation (8) we have
φ˙2 − ξ˙2 = −2
3
h˙. (11)
Now, one has rather a wide freedom in the hoie of the time dependene of one of two
elds. After that the time dependene of the seond eld an be found from equation
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(11). However, the freedom is not yet exhausted. Indeed, having two representations
for the time parameter t as a funtion of φ or ξ, one an onstrut an innite number of
potentials V (φ, ξ) using the formula (7) and some rather loose onsisteny onditions.
It is rather diult to haraterize all the family of possible two-eld potentials,
reproduing given osmologial evolution h(t). In the present paper, we desribe some
general priniples of onstrution of suh potentials, then we onsider some onrete
examples.
2. The system of equations for two-eld osmologial model
The system of equations, whih we study ontains (7) and (11) and two Klein-Gordon
equations
φ¨+ 3hφ˙+
∂V (φ, ξ)
∂φ
= 0, (12)
ξ¨ + 3hξ˙ − ∂V (φ, ξ)
∂ξ
= 0. (13)
From equations (12) and (13) we an nd the partial derivatives
∂V (φ,ξ)
∂φ
and
∂V (φ,ξ)
∂ξ
as
funtions of time t. The onsisteny relation
V˙ =
∂V (φ, ξ)
∂φ
(t)φ˙+
∂V (φ, ξ)
∂ξ
(t)ξ˙ (14)
is respeted.
Before starting the onstrution of potentials for partiular osmologial evolutions,
it it useful to onsider some mathematial aspets of the problem of reonstrution of a
funtion of two variables in general terms.
2.1. Reonstrution of the funtion of two variables, whih in turn depends on a third
parameter
Let us onsider the funtion of two variables F (x, y) dened on a urve, parameterized
by t. Suppose that we know the funtion F (t) and its partial derivatives as funtions of
t:
F (x(t), y(t)) = F (t), (15)
∂F (x(t), y(t))
∂x
=
∂F
∂x
(t), (16)
∂F (x(t), y(t))
∂y
=
∂F
∂y
(t). (17)
These three funtions should satisfy the onsisteny relation
F˙ (t) =
∂F
∂x
(t)x˙+
∂F
∂y
(t)y˙. (18)
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As a simple example we an onsider the urve
x(t) = t, y(t) = t2, (19)
while
F (t) = t2, (20)
∂F
∂x
= t2, (21)
∂F
∂y
= t, (22)
and equation (18) is satised.
Thus, we would like to reonstrut the funtion F (x, y) having expliit expressions
in right-hand side of equations (15) (17). This reonstrution is not unique. We shall
begin the reonstrution proess taking suh simple ansatzes as
F1(x, y) = G1(x) +H1(y), (23)
F2(x, y) = G2(x)H2(y), (24)
F3(x, y) = (G3(x) +H3(y))
α. (25)
The assumption (23) immediately implies
∂F1
∂x
=
∂G1
∂x
, (26)
∂F1
∂y
=
∂H1
∂y
. (27)
Therefrom one obtains
G1(x) =
∫ x ∂F1
∂x′
(t(x′))dx′, (28)
H1(y) =
∫ y ∂H1
∂y′
(t(y′))dy′. (29)
Hene
F1(x, y) =
∫ x ∂F1
∂x′
(t(x′))dx′ +
∫ y ∂H1
∂y′
(t(y′))dy′. (30)
For an example given by equations (19)(22) the funtion F1(x, y) is
F1(x, y) =
∫ x
t2(x′)dx′ +
∫ y
t(y′)dy′ =
∫ x
x′2dx′ ±
∫ y√
y′dy′. (31)
Expliitly
F1(x, y) =


1
3
(
x3 + 2y3/2
)
, x>0,
1
3
(
x3 − 2y3/2) , x<0. (32)
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Similar reasonings give for the assumptions (24),and (25) orrespondingly
F2(x, y) = exp
{∫ (
1
F
∂F
∂x
)
(t(x))dx+
∫ (
1
F
∂F
∂y
)
(t(y))dy
}
, (33)
F3(x, y) =
{∫
dx
α
(
F
1
α
−1∂F
∂x
)
(t(x)) +
∫
dy
α
(
F
1
α
−1∂F
∂y
)
(t(y))
}α
. (34)
For our simple example (19)(22) the funtions F2(x, y) and F3(x, y) have the form
F2(x, y) = xy, (35)
F3(x, y) =


[
1
3
(
x3/α + 2y3/2α
)]α
, x>0,[
1
3
(
x3/α(−)3/α2y3/2α)]α , x<0. (36)
Thus, we have seen that the same input of time funtions (20)(22) on the urve (19)
produes quite dierent funtions of variables x and y.
Naturally, one an introdue many other assumptions for reonstrution of F (x, y).
For example, one an onsider linear ombinations of x and y as funtions of the
parameter t and deompose the presumed funtion F as a sum or a produt of the
funtions of these new variables.
Now we present a way of onstruting the whole family of solutions starting from a
given one. Let us suppose that we have a funtion F0(x, y) satisfying all the neessary
onditions. Let us take an arbitrary funtion
f(x, y) = f
(
t(x)
t(y)
)
, (37)
whih depends only on the ratio t(x)/t(y). We require also
f(1) = 1, f ′(1) = 0, (38)
i.e. the funtion redues to unity and its derivative vanishes on the urve (x(t), y(t)).
Then it is obvious that the funtion
F (x, y) = F0(x, y)f
(
t(x)
t(y)
)
(39)
is also a solution. This permits us to generate a whole family of solutions, depending
on a hoie of the funtion f . Moreover, one an onstrut other solutions, adding to
the funtion F (x, y) a term proportional to (t(x)− t(y))2.
2.2. Cosmologial appliations, an evolution Bang to Rip
To show how this proedure works in osmology, we onsider a relatively simple
osmologial evolution, whih nevertheless is of partiular interest, beause it desribes
the phantom divide line rossing. Let us suppose that the Hubble variable for this
evolution behaves as
h(t) =
A
t(tR − t) , (40)
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where A is a positive onstant. At the beginning of the osmologial evolution, when
t → 0 the universe is born from the standard Big Bang type osmologial singularity,
beause h(t) ∼ 1/t. Then, when t → tR, the universe is superaelerated, approahing
the Big Rip singularity h(t) ∼ 1/(tR − t). Substituting the funtion (40) and its time
derivative into equations. (11) and (7) we ome to
φ˙2 − ξ˙2 = −2A(2t− tR)
3t2(tR − t)2 , (41)
V (t) =
A(2t− tR + 3A)
3t2(tR − t)2 . (42)
For onveniene we hoose also the parameter A as
A =
tR
3
, (43)
Then,
h(t) =
tR
3t(tR − t) , (44)
and
V (t) =
2tR
9t(tR − t)2 . (45)
Let us onsider now a speial hoie of funtions φ(t) and ξ(t) used already‡ in [13℄,
φ(t) = −4
3
arctanh
√
tR − t
tR
, (46)
ξ(t) =
√
2
3
ln
t
tR − t . (47)
The derivatives of the potential with respet to the elds φ and ξ ould be found from
the Klein-Gordon equations (12) and (13):
∂V
∂ξ
= ξ¨ + 3hξ˙ =
√
2
3
2tR
t(tR − t)2 , (48)
∂V
∂φ
= −φ¨ − 3hφ˙ = −
√
tR
t(tR − t)3/2 . (49)
We an obtain also the time parameter as a funtion of φ or ξ:
t(φ) =
tR
cosh2(−3φ/4) , (50)
t(ξ) =
tR
exp(−3ξ/√2) + 1 . (51)
Now we an make a hypothesis about the struture of the potential V (ξ, φ):
V2(ξ, φ) = G(ξ)H(φ). (52)
‡ Notie that the origin of two salar elds has been assoiated in [13℄ with a non-Hermitian omplex
salar eld theory and there a lassial solution was found as a saddle point in "double" omplexiation.
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Applying the tehnique desribed in the subsetion A, we an get G(ξ):
lnG(ξ) =
∫ (
1
V
∂V
∂ξ
)
(t(ξ))dξ
=
∫
9t(ξ)(t(ξ)− tR)2
2tR
√
2
3
2tR
t(ξ)(tR − t(ξ))2dξ = 3
√
2ξ, (53)
and
G(ξ) = exp(3
√
2ξ). (54)
To nd H(φ) one an use the analogous diret integration, but we prefer to implement
a formula
H(φ) =
V (t(φ)
G(ξ(t(φ)))
, (55)
whih gives
H(φ(t)) =
2tR
9t3
, (56)
and hene,
H(φ) =
2
9t2R
cosh6(−3φ/4). (57)
Finally,
V2(ξ, φ) =
2
9t2R
cosh6(−3φ/4) exp(3
√
2ξ). (58)
Here we have reprodued the potential studied in [13℄.
Making the hoie
V1(ξ, φ) = G(ξ) +H(φ), (59)
we derive
V1(ξ, φ) =
2
3t2R
[
−1
3
e−3ξ/
√
2 + 3
√
2ξ + 2e3ξ/
√
2 +
1
3
e6ξ/
√
2
+
sinh4(−3φ/4) + sinh2(−3φ/4)− 1
sinh2(−3φ/4) + ln sinh
4(−3φ/4)
]
. (60)
Now, we an make another hoie of the eld funtions φ(t) and ξ(t), satisfying the
ondition (41):
φ(t) =
√
2
3
ln
t
tR − t , (61)
ξ(t) =
4
3
arctanh
√
t
tR
. (62)
The time parameter t is a funtion of elds is
t(φ) =
tR
exp(−3φ/√2) + 1 , (63)
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t(ξ) =
tR
tanh2(3ξ/4)
. (64)
Looking for the potential as a sum of funtions of two elds as in equation (59)
after lengthy but straightforward alulations we ome to the following potential:
V1(ξ, φ) =
2
3t2R
[
1 +
2
3
sinh4(3ξ/4) + 3 sinh2(3ξ/4)− 1
3 sinh2(3ξ/4)
+ 2 ln sinh2(3ξ/4) +
2
3
exp(−3φ/
√
2)− 3
√
2φ
−2 exp(3φ/
√
2)− 1
3
exp(φ/
√
2)
]
. (65)
Similarly for the potential designed as a produt of funtions of two elds (52) we
obtain
V2(ξ, φ) =
2
9t2R
sinh2(3ξ/4) cosh2(3ξ/4) exp(−3
√
2φ). (66)
One an make also other hoies of funtions φ(t) and ξ(t) generating other
potentials, but we shall not do it here (see [23℄), onentrating instead on the qualitative
and numerial analysis of two toy osmologial models desribed by potentials (65) and
(58).
3. Analysis of osmologial models
It is well known [24℄ that for the qualitative analysis of the system of osmologial
equations it is onvenient to present it as a dynamial system, i.e. a system of rst-
order dierential equations. Introduing the new variables x and y we an write

φ˙ = x,
ξ˙ = y,
x˙ = −3sign(h)x
√
x2
2
− y2
2
+ V (ξ, φ)− ∂V
∂φ
,
y˙ = −3sign(h)y
√
x2
2
− y2
2
+ V (ξ, φ)− ∂V
∂ξ
.
(67)
Notie that the reetion
x→ −x,
y → −y,
t→ −t (68)
transforms the system into one desribing the osmologial evolution with the opposite
sign of the Hubble parameter. The stationary points of the system (67) are given by
x = 0, y = 0,
∂V
∂φ
= 0,
∂V
∂ξ
= 0. (69)
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3.1. Model I
In this subsetion we shall analyze the osmologial model with two elds - standard
salar and phantom, desribed by the potential (65). For this potential the system of
equations (67) reads

φ˙ = x,
ξ˙ = y,
x˙ = −3sign(h)x
√
x2
2
− y2
2
+ 2
9t2
R
sinh2(3ξ/4) cosh6(3ξ/4)e−3
√
2φ
+2
√
2
3t2
R
sinh2(3ξ/4) cosh6(3ξ/4)e−3
√
2φ,
y˙ = −3sign(h)y
√
x2
2
− y2
2
+ 2
9t2
R
sinh2(3ξ/4) cosh6(3ξ/4)e−3
√
2φ
+ sinh(3ξ/4) cosh
5(3ξ/4)
3t2
R
[
1
3
cosh2(3ξ/4) + sinh2(3ξ/4)
]
e−3
√
2φ.
(70)
It is easy to see that there are stationary points
φ = φ0, ξ = 0, x = 0, y = 0, (71)
where φ0 is arbitrary. For these points the potential and hene the Hubble variable
vanish. Thus, we have a stati osmologial solution. We should study the behavior of
our system in the neighborhood of the point (71) in linear approximation:

φ˙ = x,
ξ˙ = y,
x˙ = 0
y˙ = + ξ
4t2
R
e−3
√
2φ0 .
(72)
One sees that the dynamis of φ in this approximation is frozen and hene we
an fous on the study of the dynamis of the variables ξ, y. The eigenvalues of the
orresponding subsystem of two equations are
λ1,2 = ∓e
−3φ0/
√
2
2tR
. (73)
These eigenvalues are real and have opposite signs, so one has a saddle point in the
plane (ξ, y) and this means that the points (71) are unstable.
One an make another qualitative observation. Freezing the dynamis of ξ
independently of φ, namely hoosing y = 0, ξ = 0, whih implies also y˙ = ξ¨ = 0,
one has the following equation of motion for φ:
φ¨+ 3hφ = 0. (74)
Equation (74) is nothing but the Klein-Gordon equation for a massless salar eld on
the Friedmann bakground, whose solution is
φ(t) =
√
2
3
ln t, (75)
and whih gives a Hubble variable
h(t) =
1
3t
. (76)
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This is an evolution of the at Friedmann universe, lled with sti matter with the
equation of state p = ε. It desribes a universe, born from the Big Bang singularity and
innitely expanding. Naturally, for the opposite sign of the Hubble parameter, one has
the ontrating universe ending in the Big Crunh osmologial singularity.
-4 -2 2 4
Ξ
-4
-2
2
4
y
Figure 1. An example of setion of the 4D phase spae obtained with numerial
alulations. We an see a series of trajetories orresponding to dierent hoies of
the initial onditions. Every initial ondition in the graphi is hosen on the dashed
ellipse entered in the origin and is emphasized by a olored dot. A saddle point-like
struture of the set of the trajetories learly emerges.
Now, we desribe some results of numerial alulations to have an idea about
the struture of the set of possible osmologial evolutions oexisting in the model
under onsideration. We have arried out two kinds of simulations. First, we have
onsidered neighborhood of the plane y, ξ with the initial onditions on the eld φ suh
that φ(0) = 0, φ˙(0) = 0 (see Figure 1). The initial onditions for the phantom eld
were hosen in suh a way that the sum of absolute values of the kineti and potential
energies were xed. Then, running the time bak and forward we have seen that the
absolute majority of the osmologial evolutions began at the singularity of the anti-Big
Rip type (Figure 2). Namely, the initial osmologial singularity were haraterized
by an innite value of the osmologial radius and an innite negative value of its
time derivative (and also of the Hubble variable). Then the universe squeezes, being
dominated by the phantom salar eld ξ. At some moment the universe passes the
phantom divide line and the universe ontinues squeezing but with h˙ < 0. Then it
ahieves the minimal value of the osmologial radius and an expansion begins. At
some moment the universe undergoes the seond phantom divide line rossing and
its expansion beomes super-aelerated ulminating in an enounter with a Big Rip
singularity. Apparently this senario is very dierent from the standard osmologial
senario and with its phantom version Bang-to-Rip, whih has played a role of an
input in the onstrution of our potentials. The seond proedure, whih we have used
is the onsideration of trajetories lose to our initial trajetory of the Bang-to-Rip
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Figure 2. Typial behavior of the Hubble parameter for the model I trajetories.
The presene of two stationary points (namely a maximum followed by a minimum)
indiates the double rossing of the phantom divide line. Both the initial and nal
singularities are haraterized by a Big Rip behavior, the rst is a ontration and the
seond is an expansion.
type. The numerial analysis shows that this trajetory is unstable and the neighboring
trajetories again have anti-Big Rip - double rossing of the phantom line - Big Rip
behavior desribed above. However, it is neessary to emphasize that a small subset of
the trajetories of the Bang-to-Rip type exist, being not in the viinity of our initial
trajetory.
3.2. Model II
In this subsetion we shall study the osmologial model with the potential (58). Now
the system of equations (67) looks like

φ˙ = x,
ξ˙ = y,
x˙ = −3sign(h)x
√
x2
2
− y2
2
+ 2
9t2
R
cosh6(3φ/4) exp{3√2ξ}
− 1
t2
R
cosh5(3φ/4) sinh(3φ/4)e3
√
2ξ,
y˙ = −3sign(h)y
√
x2
2
− y2
2
+ 2
9t2
R
cosh6(3φ/4) exp{3√2ξ}
+2
√
2
3t2
R
cosh6(3φ/4)e3
√
2ξ.
(77)
Notie that the potential (58) has an additional reetion symmetry
V2(ξ, φ) = V2(ξ,−φ). (78)
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This provides the symmetry with respet to the origin in the plane (φ, x). The system
(77) has no stationary points. However, there is an interesting point
φ = 0, x = 0, (79)
whih freezes the dynamis of φ and hene, permits to onsider independently the
dynamis of ξ and y, desribed by the subsystem{
ξ˙ = y,
y˙ = −3sign(h)y
√
−y2
2
+ 2
9t2
R
e3
√
2ξ + 2
√
2
3t2
R
e3
√
2ξ.
(80)
Apparently, the evolution of the universe is driven now by the phantom eld and is
subjet to superaeleration.
In this ase the qualitative analysis of the dierential equations for ξ and y,
onrmed by the numerial simulations gives a preditable result: being determined
by the only phantom salar eld the osmologial evolution is haraterized by the
growing positive value of h. Namely, the universe begins its evolution from the anti-
Big Rip singularity (h = −∞) then h is growing passing at some moment of time the
value h = 0 (the point of minimal ontration of the osmologial radius a(t)) and then
expands ending its evolution in the Big Rip osmologial singularity (h = +∞).
Another numerial simulation an be done by xing initial onditions for the phan-
tom eld as ξ(0) = 0, y(0) = 0 (see Figure 3). Choosing various values of the initial
onditions for the salar eld φ(0), x(0) around the point of freezing φ = 0, x = 0 we
found two types of osmologial trajetories:
1. The trajetories starting from the anti-Big Rip singularity and ending in the Big Rip
after the double rossing of the phantom divide line. These trajetories are similar to
those disussed in the preeding subsetion for the model I.
2. The evolutions of the type Bang-to-Rip.
Then we have arried out the numerial simulations of osmologial evolutions,
hoosing the initial onditions around the point of the phantomization point with the
oordinates
φ(0) = 0,
x(0) =
√
2
3
,
ξ(0) =
4
3
arctanh
1√
2
,
y(0) =
√
2
3
. (81)
This analysis shows that in ontrast to the model I, here the standard
phantomization trajetory is stable and the trajetories of the type Bang-to-Rip are
not exeptional, though less probable then those of the type anti-Big Rip to Big Rip.
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Figure 3. An example of setion of the 4D phase spae for the model II obtained with
numerial alulations. We an see a family of dierent trajetories orresponding
to dierent hoies of the initial onditions. Every initial ondition in the graphi is
hosen on the dashed ellipse. The origin represents the point of freezing.
4. Conlusion
We have onsidered the problem of reonstrution of the potential in a theory with
two salar elds (one standard and one phantom) starting with a given osmologial
evolution. It is known ( see e.g. [15, 16, 17℄) that in the ase of the only salar eld
this potential is determined uniquely as well as the initial onditions for the salar
eld, reproduing the given osmologial evolution. Changing the initial onditions,
one an nd a variety of osmologial evolutions, sometimes qualitatively dierent from
the input one (see e.g. [17℄). In the ase of two elds the proedure of reonstrution
beomes muh more involved. As we have shown here, there is a huge variety of dierent
potentials reproduing the given osmologial evolution (a very simple one in the ase,
whih we have expliitly studied here). Every potential entails dierent osmologial
evolutions, depending on the initial onditions.
It is interesting that the existene of dierent dynamis of salar elds orresponding
to the same evolution of the Hubble parameter h(t) an imply some observable
onsequenes onneted with the possible interations of the salar elds with other
elds. Indeed, in this ase, the time dependene of the salar elds onsidered above
an diretly aet physially observable quantities. We are going to onsider this topi
elsewhere [25℄.
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